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APPENDIX A
MATRIX ALGEBRA

A.l Introduction:

Fundamental to the intelligent use of computer
programs for structural analysis and design is at least a
basic knowledge of the methodology upon which these programs
are based. Since approximately 1958 the langquage of struc-
tural analysis and design has undergone a most profound
change. The new language is that of matrix algebra and
corresponding to it matrix notation. This is readily ob-
vious to anyone attempting to follow research publications
in this area and should serve to motivate the practicing
engineer to understand the new language in order to implement
the vast amount of new knowledge wisely. Actually the basic
methodology for structural analysis has not changed but only
become more fundamental and compact. The primary reason for
the change in the language is that computers can easily
manipulate large blocks of numbers and solve large numbers
of simultaneous eguations much more directly than they can
operate on methods such as moment distribution. Hence, a
brief definition of matrix notation, a description of basic
operations employing matrix algebra and some. example applica-
tions of matrix techniques follow. These methods form the
basis for STRUDL's internal operation.

Definition and Notation:

A matrix is defined as a rectangular block, or
array, of numbers ccmposed of m rows and n columns. For
example:

a1 212 & 1
[Algxa = |31 azp| = |2 -8
a1 332 1 -3
Here we have the matrix A composed of m = rows and n = 2
columns containing six coefficients a; .- The first index on

the coefficient within the array defines its row position and
the second index defines its column position or aj; = 1,

where 331 is the element in the third row and first column.
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A.2 Matrix Overations:

I Addition ané Subtraction:

Two or more matrices of the same size (those havincg
the same number of rows and columns) mav be added or subtractec.

_ 6 1] [3 4] [9 5]

[Cloxz = [Alaxz + [Blox2 =[2 8l e 272 -8

T - e o

) ~ 6 1] _[3 4]_[3 -37

[Dloxp = [Aloxz - [Blpxo 'L -8l e 207ls -10
Or cjj = ajj *+ bjj . dij = 355 - bj;

II Multiplication:

The product of two matrices (A) (B) is egual to a
matrix (C) having the same number or rows as (A) and the same
number of columns as (B). The product (C) can only exist
when the number of rows in (B) is the same as the nunber of
columns in (A). For example:

[A]. (B1 {C3
e — g —
2311 37 bj1  b1p b1 €11 ©12  ©13
a1 a1 bz bo3zl =|cp1  cpp  ep3
azy a3z 2x3 |ez1 <32 <33
a a
41 4 C c <
- 2] 4x2 €41 Ca2 43
4x3
The coefficients ¢, in matrix (C) are determined
from the relszicno n -~
cij = 2 %k Bk
where n is =iz number of rcws in (B) or the number ¢f cclumns
in (A). As an example, in the above product

Clz = all blz + alz b22 E-C23 821 b13 + 322 b23
cij = (1™ row of [A] x the j'N column of [B] )
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One way that may facilitate remembering the multi-
plication procedure is that

Example 1:

Find the product of matrix A and B.

4 1 > 3
A=(1 2 B =
1 4
-2 4
3x2 2x2
4 1 -
| 1 2 3 7 16
.EA][BJ = |1 2 1 4l = 0 11
-2 4 8 10

3Ix2

Example 2:

As a simple example of a matrix formulation
illustrative of the multiplication process consider the pin
connected truss of Figure A.2a.

-
8 -3

. Fig. A.2a

At joint B we have the external forces Pl and Pz.

If we consider the equilibrium of Joint B, Ficure A.2b, we
have




LFy =0

or, Py =Fycos +FpcosB ... .. ... ... ....(1)
2: Fy = 0 . .
or, - P2 =-Fl sincC + Fz sin B . . . ... oo 0 Lo (2)

Equations (1) and (2) may be written in matrix form as

P
1 cos < cos B F
- (3

Po| |-sinoc sin B Fs

If we apoly the above role for multiplication we
would see that Eg. (3) is the same as Eg.'s (1) and (2), we
can write Eg. (3) in an even more abbreviated manner as

——~
0
L e
]
—
. -
—_—
n
—~
{ =N
~r

Py cos(C cosj Fi
= . d {F =
CA] Lin &< sin B] an { } Fo

———
0
[ ]
i
)
N

x notation, such as Eg. (4),

Basically &then matri
ting a system of eguations.

is a shert hand way of wri

Suppose we are given the following relationships

Zy =68yy + vy 21 = 3Xy + 4%,
z2; = 2yl - 8y2 Yo = 4Xl + 2X2
2z = y1 - 3y

and one wishes to exsrass the z values as a function of the
x values. This can be dcne bv direct substituzion as fcllows



z3

i

6 (3X1+ 4Xp) + 1 (-4Xy+ 2Xp) = [ (6)(3) + (1)(-4)1 X1+[(6)(4)+(1)(2)] Xy
14Xy + 26X,
2(3X + 4Xy) -8(-4X(+ 2Xo)
-38X, -8Xp

L(2)(3)+ (-8)(-4)] Xp+ [(2)(4)+(-8)(2)] Xo

1(3Xy+ dXp) -3(-4X1+ 2X5)
15X] - 2%,

(1)(2)+(-3)(-4) X1+ (1)(4)+(-3)(2) X,

This operation alsc could have been performed using matrix
multiplication by writing

{Z] 3x1 = [Alzx2 {Y} 3x1, {Y] 2x1 = [B] 2x2 {X} 2x1
and then by substitution

{Z] 3x1 = [Al32 [B] 240 ={x} 2x1 = [Cl3x2 {X] 2x1

Where

[CJBXZ = [A]3x2 [B] 2x2 and clJ = é aik bkj
Or in general k=1

[C]LXN [A]LXM [B]MXN and Cij = % aik bkj
k=1
6 1
(Clzxp =2 -8 Ei :‘2{_}
1 -3
14 26
38 -8
|15 -2
14Xl 25X2
o®e {2} = [Clzxp {x}= [38x; -8x,
15x, ~2X2

Notice that the results are identical.
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III Matrix Inversion:

The inverse, (A)™T, of a square matrix (A) is
defined such that

[A] AT = rAa7-1 [A] = [1] ()

where (I) is defined as the unit matrix. (I) is a sqﬁare
matrix with 1l's on the main diagonal andéd zeros elsewhere.
For example, a 3x3 unit matrix is

1 0 O
(I1=Jj0 1 0
0 0 1

We can visualize operations with the inverse matrix by a
parallel with division i.e., if

2 = Xy
then x =2/y = Z(Y)°l
note that (yMy)™ L =vY/v =1 (6)

okserve the similarity of Ec.'s (5) and (6).

know what the inverse matrix is defined

Now that we
nd it. Suppose we are given the set of

o be, how do we f£i

ecuations _

allxl + 812X2 + al3X3 = yl "all 312 813-1 Xl yl
321%1 + 322%2 *823%3 T Y2 or |apy 3y, agz| <{xpp=<{v¥o
az1X1 * 3z2%2 * 433Xz T Y3 az1 432 @33 X3 Y3
and we wish to express the X as function of Y, that is

byiyy *+ byovp * bBiayz = X1 by; byp byz] (Y1) [X1

bojyy + bopyp + bozyz = xp OF (bp1  bop  boz| (Y2p =%
bziyy + bzoys *+ bzzyz = X3 bzy bzp bzz| |¥3 X3

what we are asking is that knowing the ccefficients of

- tn - -

(%),
hew may one cdetermine the ccefficients in the inverse matrix (3)?



Take as the values of Y, Y, = 1, Yy, = 0, yy = o,
then

]
=

d11%X1 * 312%2 t+ ay3zxX3
d21X1 * 8g9%p * Apzx3z =

i
(@

a31%] * agpxp t+ azzxz =0

bll(l) +. b12(0) + bl3(0) =

|
x
=
x
[
!
o
[
[

bZl(l) + b22(0) + b23(0) = X2 'y Xo = b21
b3l§l) + b32(0) + b33(0)

X3 , X3 = b3l~

Therefore, if we determine the values of x by solving
the first set of simultaneous equations, we will have the first
column of the (B) matrix. If we then take Y, = o, Yy = 1, Yy = 0

and solve the first set we obtain the solutions constituting
the second column of (B). Therefore if we have N equations in
N unknowns we must solve N sets of simultaneous equations to
obtain the N columns of the (B) matrix.

The above relationship can be written in matrix

(a1 {x} = {v}and (8] {v} = {x]

Notice that if we substitute for (X) in the first of these we
obtain :

(A1 181 {v} = raxtarl (v} = {v}

form as

and that the only way this relationship can hold is if

[A] [A1°L = (13

Therefore, if we can find the inverse of a given matrix by
some method, we can check its correctness by multiplying the
given matrix by its inverse to see if the unit matrix is
obtained. The reader may wish to do this to augment his
understanding of matrix multiplication and to verify the
preceding inversion. Many volumes have been written on
different methods of inversion and simultaneous equations
solution. These methods will not be discussed here, and it
'is left to the initiative of the reader to familiarize him-
self witn them.



IV Svmmetrv and Transvosition:

Two additional definitions of particular importance
in structural theory employing matrices are the symmetric
matrix and the transpose matrix. A symmetric matrix is a
square matrix where the coefficients are symmetrical about
the main diagonal (i.e., = a..). For example, '

a. . .
ij ji

r—\ 1

S \\6\ 7 8

6 4 15 75
NS . .

7 15 \{\9’/-Ma1n Diagonal

La_ 7% O0N2

A matrix (B) is defined to be the transpose of the
matrix (A) if and only 1if b = a,. or

i3 % 230
3 1

(81 = (A1T = |2 4| where [A]=|3 2 -4
-4 I _ -1 4 6

or to put it another way,

the rows and columns have Teen
interchanged.

txample 4:

Find the transpose of

A=|1 5 -6
3 8 12

Interchanging Rows & Columns:

1 3
AT=1|5 8
|-6 12
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A.3 Apvlication to Structural Analysis:

Example 5:

Analyze the truss shown in Figure A. 3a by using
the principles of matrix algebra.

S T LA

6l

C D -y ' \A‘@ ~AT P4

8 ) 4~i ~ i

l
P R
Rl 2 fR3
GEOMETRY LOADING 1 LOADING 2 MEASUREMENTS

Fig. A.3a

The most fundamental way of analyzing this problem
is to write the two equations of equilibrium available at
each joint. First observe that any loading system may be
defined by two components at joints A and B, which are free
to move in any manner, and a component at joint D which is
constrained to move only in the horizontal direction. Also
note that these five components are sufficient to define any
system of applied loads P and if the displacements in the
five directions were known, the displaced state of the entire
truss would be completely defined. Hence let us refer to
this structure as having five degrees of freedom. Additionally
there are three constrained displacement cuantities and cor-
resvondingly three unknown reaction components Rl’ R2, and R3.
It is important to note that in all structures there will exist
this one~to-one correspondence between joint displacements and
known joint loads sufficient to totally describe the loading
and displacement behavior of the structure. Now, assuming
the applied loads and unknown reactions as positive in the
sense of the arrows and the unknown bar forces as tension, or
pulling on the joints, write the eight available eguations of
joint equilibrium.

Py +Fp=0 Py 0-1 0 0 O Fy
P2-F1=0 Pl #2 0 0o o o |F
Pz - F5 - 0.8 F4 =0
372 4 Pz |=|0+1 0 +0.8 0O F
3 3
P4°F5=0
P 0 0 O 0 +1 F
Pg - F3 - 0.6 F4 =0 4 4
[Ps| [0 0 +1 +0.6 O] |Fg]
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- — e, ]
- ' F
Ry, + 0.8 Fq + Fs = 0 R [=| 0 0 o -0.8 -1 F2
R3 + F3 =0 3
Rs] |90 .1 0o o Fq
In matrix Fform these can be written as
{Plsx2 = [Alsxs {F) sx2
{Rlaxe = [AR13x5 (F} =yp
The solution may then be obtained by solving the five
simultanecus eguations or by the inverse method.
-1
{F} 5x2 = [Alsxs [P] 5x2
The soluticn of this problem may be found to be
0. +L 0. O +3. 0 :
-1 0. 0. 0 -4. -10 -
(a1t {p} = |-0.75 0. -0.75 © 0. -4 = |[-1
0 0. 0.+l -10. 0|
— —
-4 -10
-1 0 0. -0.6 o |- 3 0 +
taql (F} = | 0. 0. 0. -0.8 -1(-12.25 +3| = |- 3.
0. 0. -1. c. + 3.75 -5 +12.25
_ o g

It is significant to note that the solution tc this
problem recuires conlv a knowledge of the geometry (defined by
the ccordinates of the joints) and the magnitude of the apvlied
loads. This is only possible because the system is statically
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determinate and the solution does not require consideration
of the conditions of compatibility. A condition of deter-
minacy is defined when the degree of freedom NP is egual to
the number of unknown internal forces NF. This becomes impor-
tant in using STRUDL when it is desired to carry out an
initial approximate determinate analysis in the preliminary
design stage of an indeterminate structure. Notice that this
problem is the same as Problem 2.2 in Chapter 2.

Example 6:

Next consider the beam shown in the following sketch.

3KLF

AN

HINGE = - LOADING AND GEOMETRY
L 16" 1. 4'

I H l

p ,
/'2 P4 exTERNAL COORDINATES
N (DEGREES OF FREEDOM)

1 2 4
3 < /\ °<3 /\',9,. INTERNAL COORDINATES
Fig. A.3b

Without the hinge the structure is indeterminate
to the first degree and hence the solution would require a
knowledge of the beam properties and application of the con-
dition of compatibility and stress-strain. By inserting the
hinge the beam is made determinate and the analysis reguires
only the equations of equilibrium. In general, defining the
number of equilibrium equations requires a determination of
the degree of freedom. Again this determination may be made
by finding the number of displacement gquantities required to
completely define the end displacements of each element in
the structure. 1In a continuous beam it 1is necessary to define
the end displacements normal to the element axis and the end
rotations. In this example there are four unknown displace-
ment guantities required to satisfy this condition, while
there are three known displacement quantities associated with
the three unknown reaction ccmponents.

To write the egquations of joint equilibrium it is

first necessary to transfer the applied member loads to the
ends by looking at element equilibrium.
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3 ) I KF
N v I‘;)Fz Fa (LT i,
’Vl V2 le Va4
F
v, = f1+F2 g Vo== 1+ 72 g
- 12 12
Fz , F Fx . F
vg=_3* 4 Vg = 3.* 4 .6
4 4
Fig- A.3c
Then joint equilibrium becomes:
P
2 .
Ry (3—* PFl Fo (—)P1 (——)F3 Fq (h* )P4
V1 V R
2, Vo 1—*‘3—{ Vs 4 3
Pz :
Fig. A.3d
Py + Fp = 0 —p ] o 1 0. 0.
1*F2= 1 : : :
Pz - F3 =0 Pz = 0. 0. 1. 0
Pg + Vp -V3 =0 |Pg+24 -1/12 -1/12 +1/4 +1/4
Py - Fq=0 | Py | | 0. 0 -4 -us
Ry - F1 =0 R [ 1 o o o]
RZ - Vl =0 R2+18 = (+1/12 +1/12 0 0
Rz + V4 =0 LE3+6 0 0 -l/4 -1/4]
The solution of this problem becomes:
f+1 #3122 3| o]
1 fes (e | ) 0. 0. O.f O._
(a1 {P)= )= c. 1. 0. 0. 24.
0. oO. 0. 1| o]
288"
1. o. 0. 0] o© (-288.
L of{Fl =[Rl=j112 /12 0. o o = [(-24.
: | 0. 0. -4 -l/al| o. ¢ 0.

-288. |



Example 7:

Analyze the frame shown in Figure A.3e. Neglect
axial deformations.

2
A 8
§>; 17 3 §>*
o
—
o 9 o—e 12°F
Hinge / -
» ©
— whin : pras
100 D
GEOMETRY LOADING 1 LOADING 2
Fig. A.3e

3
R
P ~~F
A /Jf 4
Pt C)
PG ’—ﬁ\FS
b o
R
3 y  Fig. A.3g
Fig. A.3f INTERNAL CO-ORDINATES

EXTERNAL CO-ORDINATES



F F
0 -Ry + 12 +-10=0$P4
10 "3
0 Vs
P4
‘ V4 (8) 'F3 °F4 =0
_ v
V4 = FB + F4 5 B
8 T
Fg
Vs (5) 'FS ‘Fs = O'
- 6
ve 15 F6 \\ELIFS
S 6 P | VG
Ve = v
6 Rz
R4
Fig. A.3h
"Ry + Ry + 0=20
1 3
RZ . R4 220 = O} LOADING 1
Ry + Rz +12 = 0@
1 3
R2 . R4 v 0 = O} LOADING 2
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P2‘ F2 'F3 =0

Py -F4 =0

P4+V4'V5=O

Fz +F Fg + F
P 3 4 - S! =0
4T3 6
Pg -Fg = 0
Ps 'Fs =
Fe +F
Rz -Vg = Rs '-J%;-§'=°
R4 'As = 0



Pl = Fl

Pa =Fp +F3

Pz = Fy

Py = -1/8 F3 -1/8 F, +1/6 F5 +1/6 Fg
Ps = Fg

P = Fg

Ry = 1/6 F5 -1/6 Fg

Ry, 10 = 1/10 Fy -1/10 Fy
Ry  =+1/6 Fg +1/6 Fg
Ry -20 = -Ry = 1/10 Fy + 1/10 Fp -10 —> Ry -10 = 1/10 Fy +1/10 F;

Ry +12 = -1/6 Fg -1/6 Fg |
Ry = -1/10 Fy -1/10 F

2 1 2 % LOADING 2
Rz = 1/6 F5 +1/6 Fg
Ry = 1/10 Fy +1/10 Fp
{P] = [A] {F]
P11 0o 0o o o o F
P10 1 1 0 0 0 I|F
Pz{ |0 0 0 1 0 0 |Fz
Pa| |0 0 -1/8 -1/8:1/6 +1/6F4
P |0 0 0o 0 1 0 |Fs
Pl |0 0 0 0 o 1 |F
6] &= —L &

CASE 1



REACTIONS

R =[Ag]F

LOADING 1

prman ® oty e

Rl 0

Ry*10| |-1/10 -1/10

Rg | | O

Rq-30| | 1720 1/10

(A1°l=

IZD O o o C)041

8

0

O 0O 0O o0+ o

0 0 -1/6 -1/6
0 0 0 0
0 0 16 1/6
0 0 0 0
0 0 0 0
1 8 -8/6 -8/6
-1 -8 +8/8 +8/6
11 0 0 0
0 0 1 0
o 0 c 1
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(F) = a2 (]

-1.33
+1.33

-1.33

+1.33

.8
-8

-1

LOADING 2

flo 0o VW O
O O
1 ' + _
1]
[0 o o o ol
l
L ' 1
9]
B8 _
o - - O —
-
R
M M
MM
o . ) (@]
-
] +
© ® © O o
O A A ~ o
. [}
O H O O o
|7 O o O 0_
I
M o o < ol
W oW oW oW W
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+121[ 0 o o o -6 -1/8
|-v0-1100 0 0 o
1o o o 0 16 1/

1710 V100 0 0 0|

= -12 Ry = 0

= 9.6 Ry = -9.6
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