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APPENDIX C

MEMBER PROPERTIES

C.l Torsional Constants

I. Formulas for Standard Sections

For the proper interaction between torsional and
bending moments in a STRUDL analysis, the torsional prop-
erties of the members must be specified. The torsional
rigidities IX for many standard shapes of members have been
documented in many texts and will be included in this
appendix for vour convenience.
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Standard Closed Section Formulas:

TL
g =
Es IX - . .
A = grea enclosed within mean dimensions.
4[A]2 ds = length of particular segment of section
IX = —a——— ts = average thickness of segment at point (s)
f‘Ti Ty = shear stress at point (s)
IX = torsionalresistance, in®
N E¢ = modulus of elasticity in shear
s C 2 :
s (steel = 12,000,000)
= angular twist (radians)
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II. Formulas for Built Un Sections

The proklem of finding torsional rigidities fox
some Bridge Department standard cross-sectional shapes
Secomes difficult when stancdard formulas dc not agplt. In
the folleowing discussion methods are develcped to obtain
torsional rigidities for shares related to Bridce Desicn.

The following assumptions are macde in developing
the ecuations used.

(1) Plane sections remai lane

o
s}

(2) The material is homogeneous, isotrcpic and
linearlyv elastic

(3) Saint Venants principle apclies

morsional Ricidities

The torsional rigidity of an open thin walled
secticn may re calculated from the following eguation.
IN =1/ & =.t.° (Rez. 2.1)
‘-_1 - -

ation is for the ceneral case oI a2 seckiocn with n
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The torsional constant for a single thin walled
closed section may be obtained from:

2
iX = 40 (Ref. B.1)

§

where {1l is the total area enclosed by the center line of the
walls of the closed section. The integral term represents
the sum of the various lengths of wall section divided b7
their respective thicknesses,
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For a hvbrid section of a closed section plus out-
standing fins, the formula for IX tecomes:

. ob 13 (Ref. B.1)
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IZI. Multi Celled Sec=inns

Tcrsion of two or more cells connected at the walls
is a statically indeterminzte proctlem. The general mezhcé to
find the torsicnal rigidity IX (Ref. B.1l) is as follows.
Assume an n celled closed thin walled secticn.
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The eguation of equilibrium for n cells is:
n
(1) Mt = 2 £ q;f; : ' (1)
i=1
where gq. is the shear flow in cell i, and fl1; is the area
inclosec by the center line of the walls inclosing the cell,

and Mg is the twisting moment applied to the cell.

The equations of consistent deformation are:

(2) Sji @i * Sjj 9 * Sk ax = 20;86 (2)

P l ds R ds
where: " Sji S Ssji - Six = =g Ssjk n

G . is the shear modulus of elasticity.

fSW ds/t is the sum of the length of cell wall, common to
! cells j and i, divided by its thickness.

SSm ds/t is the sum of the length of cell wall common to
) cells 3 and k, divided by its thicknesses.

5 ds/t is the sum of the lengths of cell walls common
Sjj to cell j, divided by their respective thicknesses.

o is the angle of twist in radians

Equation (2) will yield n eguations for n unknown
shear flows and can be solved for the shear flows g; in terms
of G and the angle of twist 8. Knowing gj and Ili the tor-
sional constant IX may be calculated from:

(3) x+2 Eaqa (3)

C=12



The following examples are attached to show four
methods of solution that may be used for a box girder section.
The example secticn chosen was a standard three celled box
girder with slcping exterior girders.

a. Solution bv Methecd of Simultaneous Ecuations

The torsional constant IX for a three celled box
¢cixder mav be calculated by the method of simultaneous egua-
tions which is based upon the following facts:

{
(1) The summation 0f external torsional moments and
the internal resisting shear flow svstem must be
egual to zero.

(2) The angle of twist must be the same for each cell.

These facts are used to write one ecuation for each cell in
terms of the snear flow g for that particular cell. The
resulting shear flows are then used to calculate the Torsiocnal
Constant IX. The method used in the fcllowing example uses
three simultanecus ecuations to solve for the unknown shear
flows Q.

EXAMPLE

2ssume Box Gi

H
i

ealize Box Girder:

8.92' 8.67' 8.92' |
| | | |
& a, 548 N, Q5
3
S
——
Ny=3= (-6‘—19—%5&2—) (5.48) . 4{.40 saq.ft. Top sigb thickness = .56 ft.
N, = (5.48)(8.87) = 47.51 sqfh. Bottom siab thickness = 48 ft.

C=13


http:5.48)(6.67

Using equations for multi-celled sections we may obtain
the following: (See Ref. 1 for additional details)

. . 1 /892, 6.9, 548 6.13). 40.44
833 8y = G( 561 48" 10 T n.o> G
-5.48
Si2=9%21 = S23 = 832 = S
5.48 , 5.48 , 8.67 , 8.67
Szg=(- - Tt se .48) . 4450

G G

From Equation 2 we obtain :
40.44q, - 5.48q, + 0q5= 82.8 G
-5.48 q; + 44.50q,- 5.48q3= 95.02 G&

Oq,- 5.48q2 + 40.44q3= 82.8 GE

g, = 2.42 G©
qz = 2.73 G8©
Q3= 2.42 GO

And from Equafion 3 we obtain:

[x = 2.(2.42+ 41.40 + 2.73- 47.51 + 2.42- 41.40)

Ge
IX = 660.1 ft4

b. Solution bv Method of Successive Corrections

The Torsional Constant IX for a multiple cell box
girder mav ke calculated by the method of successive correc-
tions. This method is similar to the moment distribution

method used in frame analysis. The method 1s based on the
following facts:

C=14



(1) The summation of the external torsional moment and
the internal resisting shear flow force system must
equal 0.

(2) The angle of twist must e the same for each cell.

These facts are used to
terms of the shear
solved by the method of

write one ecuation for each
The resulting ecguaticns
successive corrections.

are then

The relation hetween shear
length is given by,

(3)

Where

t
|

b ©
I

his ecuation
ke resulting
v the success

U' 3 e3

flow and twist per

el

Modulus of rigidity
Lencth of any cell wall of constant thickness
Thickness

Twist per unit lencth

Area of cell interior

ecuaticn can Te written

h

ions meth

Carry over factors are determined for each cell from
trhe following ecuations,

) web (1-2) (%) wep (2-3)

) el (2)
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(\Z:F
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The carry over operation is performed until the
desired precision is reached. The final g for each cell is
egual to the initial g plus all the carry overs from adjacent
cells. It will be noted in the example prcblem that the
carry over from cell 2 in the third step is computed from the
sum of carry overs to cell 2 in the previous step. The tor-
sional constant IX is then computed from the following
equation.

() IX = 2 8 qj A (4)

Example Probklem '

Given: Box girder section with cell areas and wall thick-
nesses taken from previous example problem.

Recuired: Compute the torsional constant IX by the method of

successive corrections and compare with results
obtained from solving the simultaneous egquations.

\@ ® ® /

A= 41.40 sq.ft. b % = 40.44
A, = 47.51 T+ = 44.50
Az 41.40 £+ ¢ 4044
Assuming G 6 = |, equation 3 may be written:
L. . %A . 2-41-40 -2
Q3% %,° =L 204a - 2047 x 10
:
. 2R _ 2-4751 _ -2
qz° s L ~ 3450 213.5 x {0
7
COF.1z = %“—fz = 123
. . 548 _
COFpq® COpy * %5 = 136
CO.Fx.p® 456454 = .23

C=1l6



CELL | CELL 2 CELL 3

COF. 123 136 123
g 204.7 ><213.5 §<204.7
co. 29.0 252 25.2 29.0

C.0. 6.8 ::><::‘35 \;;>’<:; 6.8

Total 241.5%x (02 272.7 x10°2  241.51 102

From ecuation (4) we may obtain:

IX = 2(2.4i5-41.40 + 2.727 x 47.51 + 2.415 - 41.40)

IX

659.044 1.4

c. Solution bv Arproximate Method

An apprroximate method to find the torsional conmstant
0f a multiple box girder would be to assume that the interior
web members were not effective in torsion. The torsional
constant could then be calculated from standard formulas pub-
lished in Engineering Handbooks. A gocd reference for
torsional constants is "Design of Welded Structures" bv
Blcéget=. The following examrle uses the dimensions as
stated in the other methods but neglects the effects of

interior web memcers for torsicnal considerations.

Approximate Method Example:

Box Idealized

(No wets)

from "Desicn of Welded Structures”, Pace 2.10-¢4

[ 26.51'

. a2 N 7
/dS/rs \

Cc=17



A = (M) 5.48 = 130. 3!

2
A%: (6,980.70
4 A%: §7,922.80
ds . 2650 12.26 _ 21.05 .
fT s6 | T a8 103.43
67,922.80 _ 4
R = =555z = 656.6 ft.

€. Solution by Finite Element Analysis

The solution by finite elements requires the use
of a torsional analysis program available in Bridge Computer
Services. A complete discussion of the theory and use of the
program is also available in Bridge Computer Services. The
following example shows the steps needed to obtain a tor-
sional constant by the finite element method.

Examole Problem

Given: Box girder secticn with cell areas and wall thick-
ness taken from previous example problem. (See
sketch)

Required: Compute the torsional constant IX by the finite

Y element method.
A
I 5 9 13 17 26 35 39 a3 47 51
2 6 10 14 18 27 36 40 44 48 52
i9 28
20 29
2l 430
22 13l
923 132
3 7 1" i5 24 33 37 41 45 439 53 ks
8 2 16 25 34 38 42 45 50 54

FINITE ELEMENT MODEL

Cc-18


http:67,922.80
http:16,980.70

The following coding describes the elements that
make up the cross section to be analyzed. The first four
cards give the title of the problem, the loads to be applieg,
the material properties, and the number of node and element
cards to follow in the input. The subsecquent cards descrite
the position of each node in XY coordinates and the last
group of cards describes hcw the elements are connected at
the nodes. :

8 The attached output listing shows the results that
may be expected from the input data shown. For additional
information on input and output for this program contact
Bridge Computer Services.

C-19



THOEF FELLED ROY RTIONEE TARKTOMAL FINSTANT ExAmwers

CASMTITUNE A€ SHEAR FNELE N THE X-AT®ENTINN, ., ta.00000
CARNTTING AF CYEAR ENEFE [N THE YeN[PECTION... 10.0n000
X=CONONINATE NE SHEAD FROrF,,, 0.0

Y=CONBNAINATE NF SHEAR EQOCE,, a.0

TMISTING wnweNT 10,00000

FLASTIC DONDEPTIES NE THF MATERTAL

LIS NE ELASTICTTY. .. 1000000,
ONTSSONS QATTN,.. 0.1%0
CSHESP wannIR, ., 1304348,
wnne 1 X 0.0 v s 6.0000
e 2 X = 0,0 Y 5.4400
haalal 2 3 X = 0.0 Y. 2.4R00
wine . } Y 0.0 Y = [ W)
NONF < X . N.37300 Ys $.0000
NONE & X = J.A200 Y. 85,4400
NE h 4 X = 4. 2300 Y w N, 4800
wMF L] X w H.%00 Y - n.0
wone o X - 1.8200 AR 4.0000
N N X = l.23n0 Y= $.4400
NE 1) X = 1.AN0 Y - C.4509
NME 12 X = 1.2300 \ ) 0.0
e 113 X - 2.0230A° Y = $.7000
N0E 14 X = 2.830n Y = S.4400
wwne |8 X = 2.8300 Y. 0.68N0
NFE 1A X = 2.8300 Y = 0.0
Hone 17 X = 3.8300 Y . 8.n000
NoAE R Y s 3.970N Y s 4, 4400
ALA L L L] X = 1.8¥00 Y = %.0000
NPOE 2% Xs= 3.2300 Y = 4.0000
- wnae 21 X » 3.83n0 AL 1.0000
- wINE 22 X - T.R300 A\ 2.0000
NNAF 2% T = 1.200 Y= 1.0000
NTE 24 X = 1.8%00 Y= 0.4800
NnE 28 X = 1.8700 Y = 0.0
NME R X = 4.,030n0 Y oa 6.0000
UL 3 X e A.8100 Y - 8.4400
NONE on X = s, MANA Yw $.0nno
wnE 2o X - 4.2%00 v e 4,000
wWE 10 X = 4,800 Y= 3.0000
wne 3y X = 4.m200 A 2.n900
NNE YD X = 4,800 v = 1.0000
NNE A X = 4.8300 Y - 0.4800
L alal N 7Y X = 4. 00N Y = 0.0
NANE IR X = §.8030N Y = &.0000
L LI TN X = .89 Y. S.4400
wwne 37 X = 5.80n AR 0.4200
wone e X w LI ATT)) Y » 5.0
yNFE 19 s A, N0 A 64.0000
NPNE 4D X e A.9V00 A\ 4.4400
NANE 4} X = A, 83NA Y. N.4300
WNE A2 X - & .R0N0 Y - n.0
mE 4t X = 7.2700 Y - 4,0000
HOOE A X = 7.2300 Y = S,4400
NOINE A% X = 7.2300 Y = 0.4800
NTOE &S X = T.AT00 A 0.0
WONE AT T = 8.,A3IN0 Y = §.0n0NN
NANE AN B LIS AT 14 Y w 8. 4400
wwne  4Q X = R.2300 Y . 0.4200
wWE 80 X = 8.83N0 Y a n.0
NANE %) X = a,830n Y = &,.0000
wong €2 X - a 4700 v . 5.4400
NONE % Y = a,2300 Y e 0.4800
NNNE  §4 X = a,RINA A 0.0
NONE 58 X s 1n.2300 Y e §.0n00
NNE %4 T e 1n.*00 Y = S. 440N
MANE 8T Y. 11,8309 v o» 6.,0000
wANE  Sw X s 11.8%00 Y = N.4400
NNAE  «a A 2 12,5400 A\ 5.0090
wnng g0 L 12.5810 Y = %,4400
unE Ay Y. 12.7400 Y - %.0000
wmE 42 L B 11 .2a400 Y » 4.000N
NOTE A X= 11.%400 ¥ . r.nnnn
NMAE AL X = 17,2400 Y = 2.0000
NARE 4% X = 10.%400 ¥ . 1.0000
NODE  AY X = 10,0800 Y a Q.4A0N0
wne 47 X w 11,2500 Y . 6.1000
NNE AR Y= 12,4740 Y - £.4400
NE k0 T 13.4400 Y ow s.0n00
NMNE 70 X = 12.9400 Y a 64,0000
wnnE T X = 12.4400 Y. 1.0n00
wnne 77 X = 11.9679 Y= ?7.0000
NONE 7% X w 11.4600 v 1.0000
NTOF T4 X = 19.8400 Y s 0.0
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DHE TN THE X~CAMENNENT € THE SHEAR ING FNRCE

NANE MASPING FUNCTINN
1 2.0
2 2.0
3 n.0
- 2.0
s V. 22495N=07
[ 3.2247\"=07
a4 3.319740-07
9 3.322180-07
o T7.094290-07
10 7.093080=07
11 7.303 707
t2 7.303930-07
13 1.00412n-06
14 1.090110=~9¢
18 1.122%80~06
16 1.12454D~068
17 1.48281Nn=-06
18 1.4042M~08
1e 1.%566370-06
20 1.611%8Nn-08
21 1.82522706
22 1. A29190-04
23 1. 60640N=08
26 1.92%6%N-08
28 1.4890%0-06
26 1.68988Nn-06
27 1.6668%0=04
29 1.811%56M08
e 1.81319n-08
mn 1.6268™M~-08
31 1.63077N-ns
32 1.64180N-04
" 1.70874N=06
34 1.732%6N- 08
s 1. 977N~ s
1% 1.974820-06
37 2. 0% ANN=06
e 2.951340=0A
e 2.25800MN="64
40 2.2%6270~06
41 7.38043N=0¢
42 2. 771330-08
'L 2.825420=04
L) 2.523740-06
L3} 2.672470=04
L1 2.674197-06
a7 2.778518N~08
LY 2. 77343006
'y ) 2.957670=08
L1} 2.95044N-04
51 3.NO083AN= %
52 3.0032¥=98
3 3,221 88N 06
sS4 1.72%97M-08
ss 3.2132"M=n
ss 3.217970~04
57 31.19709N. %6
LT 1.193740=16
%9 1.%50626"N-064
(1] 3.%19040=04
[}} 3.%547610=06
A2 V. 5A0%4AN=-048
LX) 1. 53448008
& 3,4780%N-08
4% 3.3181100-96
&6 3.287210=06
(34 1,357900"08
L1} 3. %5637%0=06
[ 3] 3.9%045%5N-08
T0 I.57139N-18
n 3, %56064D=06
72 1. 516040-06
7’ 3,44007N=06
b4 3.3709M=06
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4, 130900 =1

1.332M"
2, 130030
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«, 139000
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1871990
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$.22090n
4. 880000
Y. 4000m
2.%00000
1. %0nA0N

[Js]
an
oo
00
an

T.430010=-01
2.a0nA1A-N]
2.400010=n1
?.40001N-01
2.400010=n1
2.400n1N=0}

1.413290-97
5.1811A0-07
9.0N8440.37
1.290440-06
1. 871V760=00
L. A2A7TTN-08
2.11428n-08
2.19t1aM=08
2.6%014N-04
2.89012N-00
3. 1090aN=08
1. 3064 00=06
3. A%4ATN<08
1.442910-0e
1,8451n-00
1.5 171n=06
3.54061N=4
3.52%7A0=04
J. 4871 1N=Ne
1.175407=08
Je 2044 =08
1.0919%0-96
2.816470=08
2.%2272N-04
2.21145n=06
1. AAA71N=0e
1.422510~00
1.6014M=06
1.1 9477204
1. 828 740=0¢
1.427780-08
1.42007=0s
1.414700-08
1. 1%477=08
$.274240-07
5.31124n=-97
1. 6447¥0=07

rry

9.07%4A0=N
€, Naseenany
4,99248n-01
4,9N38300
2. T24%40=01
1, R37VeN-0]
YhSar0n=n
1, 49088020
Y. 1934 TN
2.9148N-01
2.500TIN=N
2.264A120=1
Letssan=n1
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C.2 Shear Constants - Standaré Shawves

The following tables are provided to determine
the shear constants that may be needed for a STRUDL analysis.

SHEAR SHAPE FACTORS 7

fvdx
4z [———
GAx
where *
V = shearing force
G = shearing modulus
A4 : cross-sectional areq
f = shear shgpe focter
Section | 7
solid F=12
rectonguicr
O. f: Ll
solid
circular
! .
.24
f 3 ———
1 %
1
W dending where: 4 3 total area
about miner 4y : flange area
axis
i A
— . — | T —
T f i
W bending where: 4 = total areq
about major ! Ay: weo areg
axis
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